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Abstract. We give a new proof of Ohta's A-adic Eichlcr-Shimura isomor- 
phism using p-adic Hodge theory and the results of Bloch-Kato and Hyodo on 
p-adic etale cohomology. 



1. Introduction 

We study the relationship between the ordinary p-adic etale cohomology of the 
modular curve and the group of ordinary cusp forms with coefficients in Z p . The 
p-adic etale cohomology of the special fiber is central to our approach. We show 
that the group of ordinary cusp forms is naturally dual to the ordinary cohomology 
of the special fiber (Theorem II. ip . We also show that the ordinary cohomology 
of the modular curve has a two step filtration coming from the cohomology of the 
special fiber fTheorcm ll.2[) . As a consequence, we give a new proof of Ohta's A-adic 
Eichler-Shimura isomorphism (Theorem 11.31) . 

The utility of Ohta's A-adic Eichler-Shimura isomorphism in Iwasawa theory 
is already well-known. It was used by Ohta in [02] to give a simplified version 
of Mazur and Wiles' proof of the Iwasawa Main Conjecture. It was also used by 
him in |Q4) to show a finer version of the Main Conjecture when a certain Hecke 
algebra is Gorenstein. It was further used by Sharifi in [S] in the formulation of his 
conjectures, and by Fukaya and Kato in |K-F] in their partial solution of Sharifi's 
conjectures. 

Ohta's proof of his Eichler-Shimura isomorphism relies on the study of "good 
quotients" of p-divisible groups of modular Jacobians, as introduced by Mazur and 
Wiles f |M- Wj ) . This proof is very special to the case of modular curves and seems 
impossible to generalize to the case of higher dimensional Shimura varieties. 

In contrast, our proof uses only techniques of p-adic Hodge theory. In some sense, 
this resolves Ohta's question f |01[ pg. 52]) of whether his theory can be reconciled 
with Faltings's. The main result in integral p-adic Hodge theory we use is from 
Bloch and Kato's seminal work |B-K) . This theory works for ordinary varieties of 
any dimension. Therefore, our methods should generalize to other Shimura varieties 
if it can be shown that "the ordinary part is ordinary" (cf. Lemma 13. ip . 



1.1. Main Results. We first fix some notation in order to state our main results. 

1.1.1. Let p be a prime number and N be a number such that p\ N, and assume 
A^p > 4. Let X r — Xi(Np r )/Z p be the modular curve. Let X r (resp. Y r ) be its 
generic (resp. special) fiber. Let S2{Np r )z p be the group of weight 2 cusp forms of 
level Np r with coefficients in 1 p . 

l 



2 



PRESTON WAKE 



For a Zp-module M, let M v = Homz p (M, Z p ). If M has an miramified Gq p - 
action, let D{M) = (M ® W(F p )) Fr " =1 . Note that D(M) is non-canonically iso- 
morphic to M ( |K-F1 Proposition 1.7.6]). 

A superscript ord will indicate the T(p)-ordinary part (in the sense of Hida) (cf. 
HH}. 

1.1.2. Our first main result can be thought of as a version of Serre duality for 
integral cusp forms. 

Theorem 1.1. There is a natural isomorphism 

S2(Np r )l r p d = D{H l (T r ,1 p )° rd y 

for all r. 

Our second result gives a filtration of H 1 (X r , r L p ) ord in terms of the cohomology 
of the special fiber. 

Theorem 1.2. There is a natural exact sequence 

o — >H 1 (yr,Zp) ord — ^h 1 ^, z p ) ord — s -(i7 1 (T;,z p ) or<i ) v (K- 1 (-}- 1 ) — *-o 

for all r. The first map is the natural one, and the second map comes from Poincare 
duality (cf. [Op. 

The on the right side indicates that the action of a S Gq p is twisted 

by k(<t)~ 1 (c) -1 , where n is the cyclotomic character, and (a) = (a) is the diamond 
operator for the a such that a(^Np r ) — CNp r - 

In particular, we see that the cohomology of the special fiber makes up the whole 
unramified part of the representation. Combining this with Theorem ll.il we obtain 
a refined version of Ohta's A-adic Eichler-Shimura isomorphism ( |01j ). 

Theorem 1.3. Let I be the inertia subgroup of Gq p . There is a natural isomor- 
phism 

S2(Np r )° z r p d -> D{H 1 (X' r ,'L p ) ord ^ I ) y 

for all r. 

Remark 1.4. Our Theorem ll.3l is a refinement of Ohta's result in a few ways. One 
is that our isomorphism is defined over Z p , where Ohta's is over Ol, where L/Q p 
contains all roots of unity. Another is that Ohta's result requires p > 3, where ours 
requires only that Np > 4 (this assumption is made so that X r is a nice moduli 
space). 

Another advantage of our proof is that the comparison of the Galois and Hecke 
actions is easy to see for H 1 (Y r , Z p )° rd (cf. Lemma [272]) . This type of compatibil- 
ity for D(H 1 (X r ,1i p ) ord ' 1 ) was proven with great difficulty in f |K-F| Proposition 
1.8.1]), but follows easily from our results. Partial results were obtained earlier by 
Mazur- Wiles and by Ohta, by still different methods. 

1.2. Method of proof. We outline the idea of the proofs of our results. 

1.2.1. We outline the proof of Theorem 11.11 The idea is that cusp forms are 
given by differential forms, and so, by Serre duality, should be dual to coherent 
cohomology. In characteristic p, coherent cohomology is almost the same as p- 
adic cohomology (Section [5]) . The difficulty is that X r is not smooth, and so the 
dualizing sheaf is not the sheaf of 1-forms. Still, we show that ordinary cusp forms 
are given by ordinary sections of the dualizing sheaf (Section HJ. 
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1.2.2. We outline the proof of Theorem II .21 We first prove Theorems 11.11 and 11.31 
in order to get a control theorem for the cohomology of the special fiber (Corollary 
16. 4[) . This allows reduce to the case r = 1. In the case r = 1, we first extend the 
base ring in order to obtain a semi-stable model. Then the result can be obtained 
using the method of [B-K] (Section [3j> - 

1.3. Notation. A bar will indicate algebraic or integral closure (i.e. Q Z p ), or 
base change to such (i.e. X r = X r xs pe cQ p Spec(Q p ). 
For a field F, we let G F = Gal(F/F). 

2. Modular Curves and Hecke Operators 

2.1. Modular Curves. We quickly review some necessary facts about modular 
curves. For more details, see |K-M] and |D-R] . 

2.1.1. Let X r = X 1 (Np r )/'Ep be the moduli space of pairs (E,P), where E is a 
generalized elliptic curve and P € E is a point of exact order Np r . It is proper and 
flat over Z p . We write X r (resp. Y r ) for the generic (resp. special) fiber. It is known 
that X r is smooth, and that Y r is a local complete intersection. In particular, the 
morphism X r —> Z p is Gorenstein. 

2.1.2. The geometry of Y r is well- understood: it is a union of r + 1 irreducible 
components, all intersecting transversely at each supersingular point. We label the 
irreducible components Yr ^ where < a < r. To review this most simply, let 
N = 1 for the remainder of this paragraph. Note that a point (E, P) S Y with E 
and ordinary elliptic curve gives a degree p r isogeny tt : E — > E' with (P) — ker(7r) . 
In characteristic p, all such isogenies are isomorphic to V a F b , where F (resp. V) 
is the Frobenius (resp. Verschiebung) isogeny and a + b = r. The component Yr°^ 
corresponds to the points where 7r = V a F b . 

2.2. Hecke Operators. For the definition of the Hecke operators T(n) and the 
diamond operators (a), we refer to |K-F1 1.2]. We let f) r denote the Z p -algebra of 
Hecke operators acting on X r . 

2.2.1. For an f),.-module M that is of finite type over a Z p -algebra we let M ord 
be the largest direct summand on which T(p) acts invertably. If M is finite type 
over Z p then lim T(p) n ' exist and is an idempotent of End(M), and M ord is the 

n— ^oo 

corresponding summand. 

2.2.2. We review the action of T(p) on Y r . If (E,P) E Y r (a) with E an ordinary 
elliptic curve, then 

T{p) - Yl (E/C a ,Q), 

QeE:pQ=P 

where C a is the subgroup ker(F) if a ^ r and the subgroup generated by p r ~ 1 P if 
a = r. From this we can deduce the following lemma, as in [M- Wj . 
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Lemma 2.1. As a correspondence on the ordinary locus of Y r (that is, an endo- 

.. \ 
.. 
.. 

* 
Fr* J 

where Fr denotes the relative Frobenius, and Fr* and Fr* are the usual pushforward 
and pullback of divisors. 

From this we can deduce: 

Lemma 2.2. On H 1 (Y r , 7L v ) ord we have T(p) = ip, where ip £ Gp p is the geometric 
Frobenius. 

( r \ 

Proof. Indeed, the action of Fr* on H (Y r , Z p ) is through the trace map on the 
sheaf Z p , which is multiplication by p on stalks (and so is nilpotent). The natural 
action of Fr* on etale cohomology is by the geometric Frobenius. □ 

2.3. Poincare duality. The usual Poincare pairing 

H x (X r ,Z v ) x iF(X r ,Z p )(l) ->■ Z p 

exchanges T(jp) and T*{p), and so is unsuitable for discussing ordinary parts. Fol- 
lowing Ohta, we use a twisted Poincare pairing which is equivarient for the the 
Hecke action (cf. |K-F| Section 1.7] for more details). In particular, we have a 
perfect pairing of f) r [GQ p ]-modules 

H 1 (X r ,Z p ) ord x iJ 1 (X r ,Z p ) ord (K(->) ->• Z p 

where the (k(— )) on the right side indicates that the action of a £ Gq p is twisted 
by k(ct)(<j), where k is the cyclotomic character, and (a) = (a) for the a such that 

The second map in the exact sequence of Theorem 11.21 is the composition 

H\X r ,Z p )° rd -> (H 1 (X r ,Z p ) ord ) y '(K- 1 {-)- 1 ) (^ 1 (F r ,Z p )°'" d ) v ( K - 1 (-)- 1 ) 

where the first map is the isomorphism of Poincare duality and the second is the 
dual of the natural inclusion. 

2.4. Semi-stable model. We note that Xi is not semi-stable because Yi is not 
reduced. However, there is a (well-known) semi-stable model for X\ over Z p [£ p ]. 
We describe this model using log geometry. 

We assume that the reader is familiar with the basic definitions in log geome- 
try, especially the definition of log-smoothness, and the relationship between semi- 
stability and log-smoothness (cf. |Sal Section 1.2]). We denote by x l ° 9 the fiber 
product in the category of fine, saturated log-schemes (cf. Lemma 1.7 of loc. cit. 
for a local description). 

Theorem 2.3. The scheme Xi, equipped with the natural log -structure, is log- 
smooth over Z p . Moreover X' = X\ Xg°p CcZ SpecZ p [£ p ] is semi-stable. 



morphism of ®^ =0 DivfYr"^)) we have 

( Fr 





T(p)£ 





V o 
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Proof. For the first statement, we will show that the natural map 

X^Np) ^X (Np) 

is log-etale, and that Xo(Np) is log-smooth over Z p . The map is well-known to be 
etale on the ordinary locus, so we just have to show that the map is log-etale at 
the super-singular points. 

The local equation at a super-singular point of X\ {Np) is 

WsT 1 =2>) 
where the local equation of Xo(Np) is 

hh = P, 

and the map is given by t\ M> t\ and t% \- > if -1 (cf- |K-M1 Chapter 13], especially 
(13.5.6)). This shows that Xo(Np) is semi-stable, and thus log-smooth. The map 
is log-etale since the cokernel is order p — 1. 

For the second statement, consider the local equation of X\(Np) after we extend 
scalars to Z p [£ p ]. 

We see that 

where 7r = p 1 ^ 1 is a uniformizer of Z p [£ p ]. We see that t[ := ixfti is in the 
saturization of the log structure. The local equation for X' is then 

t[t 2 = it. 

This is the same as the well-known semi-stable model for Xi(Np) over Z p [£ p ] (cf. 
eg. [DTll Section V.2]) ' □ 

2.4.1. Let Y' denote the special fiber of X'. The natural map Y' —5- Y\ is factors 
as Y' — > (Yi) re d — > Y\. From the above description, it is clear that Y 1 — > {Y\)red is 
an isomorphism. We see that the natural map on cohomology 

H i (Y 1 ,Z p )^H i (Y',Z p ) 

is an isomorphism for all i. In particular, the action of Gal(K/Q p ) on H 1 (y' , Z p ) 
is trivial. 

3. p-ADIC ETALE COHOMOLOGY 

3.1. The method of Bloch-Kato. Let K = Q P (C P )- We consider the cohomology 
of X\ by using the semi-stable model X' /Ok (12.41) . We have the pair of Cartisian 
squares 

Xx ^ X' ~* Y 1 



SpecX *- SpecO/f ■< SpecF p . 

We use the results of Bloch and Kato [B-Kj (as extended by Hyodo [?] to the 
semi-stable case) to study the p-adic nearby cycles 

Ml = i*W 3 *7Llp n 7L{q). 
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3.1.1. The method of Bloch-Kato-Hyodo is to compare the sheaves to the 
logarithmic Hodge- Witt sheaves W n 0J Y r log , whose definitions and properties we 
now briefly recall from [H]. Let u>^, be the sheaf of one- forms with (at worst) log 
poles at the supersingular points, and U) Y > = uig, ® Oy' ■ It is the dualizing sheaf 
on Y' . 

There is a (Frobenious anti-linear) Cartier operator C on Uy,, and we define 
W\U) Y , log — oj y , i g — ker(l — C _1 : Uy,). The sheaves W n uj Y , log can be defined 
and they fit in exact sequences 

»" W » U Y'loa W n-lU Y >loa °- 



J Y',log rrn ^Y',log 

We can define Wu) Y , ; off as the inverse limit of the W n 0J Y , i g- 

3.1.2. The results of Bloch-Kato and Hyodo apply in the case of ordinary varieties, 
that is, varieties for which H l (Y, du Y ) = for all i,j > 0. Our X' is not an ordinary 
variety. However, the important observation is the coincidence of two uses of the 
adjective "ordinary" : 

Lemma 3.1. The ordinary part of X' is ordinary. That is, H l (Y',dO—) ord = 
for i = 0, 1. 

Proof. This follows from the shape of the correspondence 

Since dO— = Oyr/O^ we see that both Fr* and Fr* act as 0, and so T(p) acts 
nilpotently. □ 

We see that the arguments of Bloch-Kato and Hyodo apply for the ordinary 
parts. In particular, we have the following analog of |B-K| Theorem 9.2, Corollary 
9.4]. 

Theorem 3.2. The spectral sequence 

E s,t = H s (Y 1 ,Mt(-t)) ord => H s+t (X~ 1 ,Z/p r 'L) ord 

degenerates at the E2 page. Moreover, we have isomorphisms 

H\TM)° rd = W n ^ log ) ord . 

Proof. Indeed, examining the proofs of |B-K[ Theorem 92, Corollary 9.4], we see 
that the ordinary assumption is only used in the proof of the vanishing theorem 
[B-Kl Corollary 8.2, pg. 142]. However, we see that if we take the ordinary com- 
ponent of each exact sequence appearing in that proof, then Lemma 13.11 is enough 
to show the vanishing theorem for the ordinary component. □ 

Corollary 3.3. We have a natural exact sequence 

^ H 1 (Y 7 ,Z p ) ord ^ H 1 (X~i,%p) ord H°(Y t ,WluL 7 ) ord (-l) s~ 0. 

Proof. Follows from the degeneration of the spectral sequence. □ 
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3.2. Duality on Y'. 
Proposition 3.4. The natural pairing 

H^W, Z p ) x H (W, Wu^ log ) H^Y 7 , W^J Z p . 

is perfect. 

Proof. It is enough to show that the pairing modulo p 

H^Y 7 , Z/p) x H^Y 7 , Wiu^jJ Z/p. 

is perfect. 

We have the perfect pairing 

H^Y 7 , Oyr) x H^Y 7 ,^) -> F p . 

of Serre duality. Under this pairing, the Frobenius on H 1 (Y', Oyr) is dual the the 
inverse Cartier operator on H°(Y', wi^). The result now follows from the following 
lemma in p-linear algebra. □ 

Lemma 3.5. Let V be a finite-dimensional ¥ p -vector spaces and V* its dual space. 
Let 4> be a Frobenius-linear endomorphism ofV. Then the natural pairing onV xV* 
induces a perfect pairing 

kcr(l -<f>:V)x ker(l - 0* : V*) -> F p . 

3.3. The result for X\. Propostion 13.41 together with Corollary 13.31 give the fol- 
lowing result, which is the case r = 1 of Theorem 11.21 

Proposition 3.6. We have a natural exact sequence 

> H 1 (F i , Z p ) ord »- H 1 (Xi , Z v ) ord ^ (H 1 (F i , Z p ) ord ) v («(-» >■ 0. 

Proof. It is clear that the sequence is a complex. To show that it is acyclic, it 
suffices to show it is so as a sequence of Z p -modules (ignoring the Galois action). 
We compare it to the sequence of Corollary 13.31 

H 1 (Fj , Z p ) ord *~ H 1 (X 1 , Z p ) ord (H 1 (F x , Z p ) ord ) v >■ 

( 

H 1 (Y 1 ,Z p ) ord >- H 1 (X 1 ,Z p ) ord ^"(F 7 , Wuj^j. ) ord 0. 

The leftmost vertical map is the identification from ()2.4.1[) : the commutativity of 
the left square is clear. The rightmost vertical map is the composition of that 
identification and the isomorphism of Proposition 13.41 The commutativity follows 
from the compatibility of Serre and Poincare dualities. □ 

4. Cusp forms and the dualizing sheaf 

4.1. Duality. We recall some general theory of duality. For more details, see |D-R[ 
II.2]. 

Theorem 4.1 (Grothendieck). Let f : X — > Y be a proper, finite type morphism 
of noetherian schemes. Then there is a right adjoint /■ to Rf*. It satisfies the 
following properties 
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1) If f is Cohen- Macaulay of pure relative dimension d, then f'Oy has only non- 
zero cohomology in degree —d, and we call H~ d (fOY) = &x/Y the dualizing 
sheaf. 

2) If, in addition, f is Gorenstein, then flx/Y is invertible. 

3) If, in addition, f is smooth, then Q, x /y = ^x/Y' ^ e s ^ ea / °f top forms. 

If Y = SpecA is affine, we denote £lx/Y by Ox/i) or, when no confusion can 
arise, simply by fix- 

4.2. Cusp forms. We recall some notions about cusp forms of weight 2. 

4.2.1. Dehne S 2 (Np r ) Qp = H°(X r , Q Xr ). We would also like to discuss S 2 (Np r ) Zp , 
the cusp forms with integral coefficients. In the case r = 0, we can define S 2 (N)z p = 
H°(%o, f^ ). However, when r > 0, X r /Z p is not smooth, and so the sheaf fl^ is 
not as nice. Instead, we define 

S 2 (Np r ) Zp = {/ G S 2 (Np r ) Qp I a n {f) G Z p for all n > 0}, 

where a n (f) are the coefficients in the g-expansion. The next proposition shows 
why this definition agrees with the above definition in the case r = 0. 

Proposition 4.2. (cf. [G, Proposition 8 A}) There is a natural infective map 

H°(X r) n Xr ) -»• S 2 (Np r ) Zp . 

It is an isomorphism after tensoring Q p . If r = 0, then it is an isomorphism. 

Proof. There is clearly an injective map 

H (X r ,Qx r ) ^ H°(X r ,n Xr ) 

by restriction. Since X r /Q p is smooth, flx r = > ana - so the codomain is 
S2(Np r )q p . We claim the the image is contained in S2(Np r )z p . We just need 
to check that the g-expansion is integral. However, the (/-expansion is just the 
pull-back by the cusp oo : S = SpecZ p ((q)) — > X r , so if / G H°(X r , O^), then 
oo*f G H°(S, ), and the result is clear. 

To see the last statement, notice that, for any r, an element of S2(Np r )z p gives 
a meromorphic section of the line bundle VLx r . The poles form a divisor supported 
on the special fibre. Since the g-expansion is integral, the divisor doesn't intersect 
the component containing the image of oo. In the case r = 0, the special fibre is 
irreducible, and so we see that the divisor must be empty. □ 

4.3. Ordinary cusp forms. For r > 0, the map in Proposition 14.21 is not an 

isomorphism. However, it does induce an isomorphism on ordinary parts. The idea 
of the proof comes from |01| Proposition 3.4.8]. 

Theorem 4.3. The map in Proposition ^. 2\ induces an isomorphism 

H°(x r ,n Xr r d ^s 2 (N P r )Z d - 

Proof. We give the proof in the case r = 1, for simplicity. The proof in the general 
case is the same but more cumbersome. 

We first note that, since it is an isomorphism after tensoring Q p , it is enough to 
show that it is an isomorphism after tensoring any integral extension of Z p ; taking 
intersections then gives the result. We will prove it over Ok- Let ir = 1 — £ p £ Ok, 
a uniformizer. 



THE A-ADIC EICHLER-SHIMURA ISOMORPHISM AND p-ADIC ETALE COHOMOLOGY 9 

Let oo' be a cusp of Xi whose image is in and that is defined over Ok- Note 

that, byO T(p) = Fr* = on H°(Y}°\qK 0) ). If g £ H°(Xi,n Xl )o K , then 

i 

oo *{T{p)g) mod 7r = oo'* (Fr* g) mod 7r = mod 7r. 

Let / G S2{Np)q~.. Since the cokernel is p-torsion, there exists a least non- 
negative integer n such that g = ir n f £ //^(Xi,!^)^. Then, by the previous 
calculation oo'* (T(p)g) £ nOx[[q]], and so oo'*(g) £ ttOkIIq]], since g is ordinary. 
Thus oo'^tt"- 1 /) g O k [[«]]• 

Since oo*/ G Oif [[<?]] already, we have that oo*g G 7r n 0j{- [[</]]. Thus, if n > 0, 
oo*^"- 1 /) G CM[g]] and oo'*^ 1 /) G CMfe]], and so n^ 1 f £ H°(X r ,tl Xr )° rd , 
contradicting the minimality of n. Therefore n = and / is in the image, completing 
the proof. □ 

5. The dualizing sheaf and the special fiber 

5.1. Coherent and p-adic cohomology. For a variety in characteristic p, we can 
compare the coherent and p-adic cohomologies using the Artin-Schreier sequence. 
The result we need is the following. 

Lemma 5.1. There is a natural isomorphism 
for any r > 0. 

Proof. On X r W (f p )i there is a natural map of sheaves Z p — > Ox r wlT ) ■ This induces 
a map on cohomology 

H (%,VT(F p )' Z p) ijl ( X r,M/(F p )' C) X r w(Fp) )- 

Proper base change, extension of scalars, and ordinary parts give the map in ques- 
tion. 

To show that it is an isomorphism, it is enough to show that it is an isomorphism 
modulo p. The map modulo p comes from extending scalars in the first map of the 
Artin-Schreier sequence 

^H 1 <J r ,Z/pZ) ord >H 1 (Y r ,Oy) ord — '-tH 1 (Y r ,0 7 ) or < 1 

Since Fr acts as an isomorphism on H 1 (Y r , Oy) ord fLemma !2.ip . p- linear algebra 
gives us that the map 

H\Y ri Z/pZ) ord ® F p -> H x (y r , Y ) ord . 

is an isomorphism. □ 

Recall the notation D(M) — (M ® W(¥ p )) Fr " =1 for an unramificd Z p 
module M. This notation was used in [K-Fl section 1.7]. 

Corollary 5.2. We have a natural isomorphism 



H°(X r ,n Xr ) ord -> D(H l (Y r ,Z p ) ord f / . 



Proof. By duality, we have a natural isomorphism 

H°(x r , n Xr ) ord = (^(x,., o Xr ) ord Y- 

Noting the isomorphism, H 1 (X ri O Xr ) = H 1 (X rWl j p yO XrW{fp) ) Frp=1 , the result 
follows from the previous lemma. □ 
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5.1.1. Combining Corollary 15.21 with the Theorem 14.31 we obtain the proof of 
Theorem [HI 



6. From X^Np) to X^Ntf) 

In order to prove Thcorcm ll.2[ we want to reduce to the case r = 1. In order to 
do this, we need a control theorem for H 1 (Y r , Z p ) ord . In fact, we show that it is 
isomorphic to H 1 (X r , Z p ) ord ' 1 , which is known to have a control theorem by Hida 
and Ohta. 



6.1. A map. We construct a map that will be useful in proving Theorem 11.31 
Proposition 6.1. For any r > 0, there is a natural map 

L>(i7 1 (X;,Z p ) or ^ / ) v S 2 {Np r )% d . 

For r — 1, it is an isomorphism. 

Proof. There is a natural map 

H 1 ^, Z p ) ord iJ^Z^Zp) ^' 7 

given by the Leray spectral sequence and proper base change. For r = 1, it is an 
isomorphism by Proposition ^. 61 Applying D{ ) v , we get a natural map 

D{H\x;,Zp) ordJ ) v -> D(H 1 (%,Z p ) ord ) s/ . 
Composing with the isomorphism of Theorem 11.11 gives the map in question. □ 

6.2. Control Theorems. We now consider the situation at the limit as r — > oo. 
The results of this subsection are well-known, and based on ideas of Hida; for a 
more detailed review, see |01j . especially (1.3), (1.4), and (2.6). 

6.2.1. We let A = Z P [[T]] and \) = lim[) r . We have A — > \) given by diamond 
operators, and we consider f)-modules as A-modules through this action. Let u> r = 
(1 + T)f r_1 — 1 G A. We let 

5 A = lim S 2 (Np r ) ord , H A = lini H 1 ^, Z p )° rd , H{ = \imH 1 (x;,Z p ) ord ' 1 . 

Then the Control Theorem states that these are finite, free A-modules, and there 
are isomorphisms 

Sa/ut = S 2 (Np r ) ord , H A /oj r = H\x; 7 Z p y rd , H{/u r = &(X r , Z p ) ord ^ . 

6.3. Results. We can now prove our main results. 
Theorem 6.2. The natural map of Proposition ROl 

L>(i7 1 (A;,Z p ) ord ' / ) v S 2 {Np r )% d 
is an isomorphism for all r. 

Proof. By the Control Theorem and Nakayama's Lemma, it suffices to show it for 
r = 1. However, this is already shown in Proposition 16. II □ 



We have the following immediate corollaries. 
Corollary 6.3. The natural map 

is an isomorphism for all r. 
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Proof. Indeed, the isomorphism of Theorem l6.2l is the composition of this map and 
the isomorphism of Theorem ll.il □ 

Corollary 6.4. The cohomology of the special fiber satisfies a control theorem. 
That is, if 

H(Y) A =^mH 1 (Y ri Z p ) ord 
then H(Y)\ is a finite, free A-module and 

H(Y) A /u r = H 1 (Y r ,Z p )° rd 

for all r. 

Proof. Immediate from the previous corollary, since H A satisfies the Control The- 
orem. □ 



Theorem 11.21 now follows. Indeed, to show that the complex is acyclic, it suffices 
by Nakayama's lemma to show that it is acyclic modulo uj\. By the Corollorv l6.41 
we have reduced to the case r = 1, which is Proposition 13.61 
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